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Bilevel optimization problem (BiO)

General form

min  ¢(z) := f(z,y"(z))

zreRde
s.t. y*(z) = argmin g(z,y)
yeR%

> f.g: R% x R% — R, differentiable, g is

The nested structure couples the upper level and lower level

min - f(z,y")

min 9(z,y)

Approximate implicit differentiation (AID)

Hyper-gradient computation
Vp(z) = Vof (z,y"(2)) + Vyf (z,y"(z))
— vxf (:L",y*) - vyf ('I?y*)
Main difficulties

» Solving the lower-level problem to obtain y*(z)
Approximating the

= V2,9 (x,y" ()] V,f (2,y" (2))

Vanilla update rule

Lot =a = (Vof (1.9) = Vi (2.9) [V39 (2.9)] Vo (2.9))
Nx : y+ =Yy — @vyg («T,y)

Motivation

An observation
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The more accurate v,

the more enhanced descent!

Test loss
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Outer Iteration

How to tackle v* in BiO

» Approximation principle » Subspace methods for efficient Approximation [vuan, 2014

How to adhere to these two principles

» Amortization principle

https:/ /iclr.cc/virtual /2025 /poster /27854

» Subspace iteration for reasonable Amortization [vuan, 1995

A subspace perspective Two “Res” strategies: LancBiO

Geometric interpretation
Restart mechanism

» Restart subspaces each m steps - . -
pochs

Vng (@hs y) v — Vi f (2, yk)T v

vyf (xlmyk) = Alzlbk

1+
rely e (V) =50

-di i ? .- .
Low-dimensional subspace » Mitigate the accumulation of

difference among {Ay, ..., A} ' One Epoch

|
Y

Sp = R — = Vf/yg (x/m yk)_l

m Outer Iterations

Krylov subspace [kilov, 1931 provides a good estimate for A~1b [Carmon and Duchi, 2018

Kn(A,b) == span {b, Ab, A%b, ... AN 'b}

Residual minimization

» Minimal residual subproblems

i [[(br — Ayxv) — ApAo|?

Subspace Construction

IRIR T

— — Q1 Qz o Qi 0 Qm
» Correct current v, vy = v + Auvy O v v

Constructing 2-D subspace: SubBiO

Residual Minimization

» (Collect historical information

. C . . _ ( by — Ax7)

Given v, € K,(A4,b), an initial approximation of A~1b i | |

n—1 _ X Computational complexity S S e T
J— . _ ? ~ - . . oradi b .

Up = ZZ%) ci(l —nA)b~A"D © Low-dimensional subproblems __ Hyper-gradient Bstimation
N : : : 3699116952 o 1680.1' o 3699771

Recursively, we can choose © No cost of Hessian projection v ( )vU — v

. . z,y) Updating
© LancBiO needs O(2n?) instead of O(4n?) !

Up+1 € Sn+1 ‘= Span {bv ([ o 7714)%} - ]Cn+1(Aa b)

SubBiO

Theoretical analysis
Proposition

1~ 1p 1—1p ' ‘
1x : Sy :=span {bg, (I — nAg)vi_1} o
1
Q 1x : vy := argmin my (v) := =v' Apv — b ; ; ; ; ;
VESY 2
1% : e = 2k — B (Vo f Tk, yr) — Vfcyg (k, Yy) Vk) A;Q; = QjT; + 5;7’+1Qj+1€jT +0Q;, forj=12 ...,

The dynamic Lanczos process in LancBiO with normalized ¢; and «y, 8;, ¢; satisfies

m, with [|dg;]| < Lgyye;

Kn(4,0) € Kn+1(4,0) <o C Kn(A)b) 1x : Ykl = Y — C(vyg ({]jk, yk) Theorem
) With appropriate step sizes 6 for y and A for z, the iterates {x;} generated by LancBiO satisfy
Computational complexity m K 0 m\—L
; . - Ve @l =0 (-
> min,cge 32 (S, ApSk)z — by Spz: O(2n?) ) (m — mogk b= (m —myp)
> : 2 : : :
Apvp-r: O( RN w9 (T U)ok O(n ’) where m is the subspace dimension and mgy ~ Q(logm)
Dynamic Lanczos process in BiO Numerical Experiment
Core principles Test on MINIST (pollution rate=0.8)
» Maintain an orthogonal basis Q; = [qi, . .. ,qj]. aPprommatmg IC;(Aj, b)), S = span(Q);) — LancBiO ATIGO-GD . soBA e ctocBIO HIFBIO
» Keep the (approximate) projection matrix 7} tridiagonal — SubBiO — AMIGO-CG — - TTSA F2SA
» Dynamically solve quadratic subproblems: vy := argmin, s, my (v) := 50 Ao — bl v 0.90 10
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[Paige, 1980; Meurant and Strakos, 2006]
More eXperimentS are I'eferred to our paper...




