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Background: low-rank optimization



Low-rank problems: a geometric view

Optimization on the fixed-rank manifold » < min{m. n}
min f(X) st. X€ M, :={Xe€R™"|rank(X) = r}
e M. is a smooth manifold [Helmke-Shayman'9s]

e Riemannian optimization algorithms [vandereycken'13]
e M, is not closed
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Low-rank problems: a geometric view

Optimization on the fixed-rank manifold » < min{m. n}
min f(X) st. X€ M, :={Xe&R™"|rank(X) = 1}
e M. is a smooth manifold [Helmke-Shayman'9s]

e Riemannian optimization algorithms [vandereycken'13]
e M, is not closed

Optimization on the set of bounded-rank matrices » < min{m, n}
min f(X) st. X€ Mc<,:={XeR™"|rank(X) < r}
o M, is closed
e M., is areal-algebraic variety: determinantal variety [Harris92]

e Finding first-order stationary points [schneider-Uschmajew'15; Levin-Kileel-Boumal'22; '24;
Olikier-Absil'22; '23; 24]
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Applications of low-rank optimization

min  f(X)
s.t. Xe MST

e Recommendation system: movie ratings [frolov-Oseledets17]

e Hyperspectral Images [zhang-He-zhang-Shen-Yuan'13; Zhuang-Fu-Ng'21]

e Image and video inpainting [sertalmio-Sapiro-Caselles-Ballester'00; Fu-Ruan-Luo-An-Jin'21;
Luo-Zhao-Li-Ng-Meng'23]

e EEG (brain signals) data [M@rup-Hansen-Herrmann-Parnas-Arnfred’06;
Kong-Kong-Fan-Zhao-Cichoki'17]

° Magnetic resonance imaging (MR|) [Banco-Aeron-Hoge'16; Choi-Bao-Zhang'18; Fessler'20]

e Data analysis, e.g., weather forecast [Loucheur-absil-Journée23] and exoplanet
detection [Daglayan-Vary-Absil-Cantalloube-Christiaens-Gillis-Jacques-Leplat-Absil'24]



Low rank + additional constraints

Bounded-rank matrices + an additional constraint

min  f{X)
st. XeM<,NH




Low rank + additional constraints

Bounded-rank matrices + an additional constraint

min  f{X)
st. XeM<,NH

Low rank + oblique manifold

e Low-rank data fitting on sphere [chu-pel Buono-Lopez-Politi'05 SIMAX]

# = Ob(m,n) := {X € R™" | diag (XXT) —1=0
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Low rank + additional constraints (cont'd)

Low rank + Frobenius sphere
e Approximation of graph similarity matrices [cason-Absil-van Dooren'13 LAA]

H = Sp(m,n) = {X € R™" | [|X]3 —1 =0}

Low rank + hyperbolic manifold
e Approximation of hyperbolic embeddings awanpuria-Meghwanshi-Mishra'19 coc]

H=H,:={XecR™"| diag(XDiag(—1,1,...,1)X") —1 =0}
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Low rank + additional constraints (cont'd)

Low rank + Frobenius sphere
e Approximation of graph similarity matrices [cason-Absil-van Dooren'13 LAA]
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Low rank + hyperbolic manifold
e Approximation of hyperbolic embeddings awanpuria-Meghwanshi-Mishra'19 coc]
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Low rank + SDPs
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Variational analysis of low-rank sets




Challenges

Constraint-coupled optimization

min  f(X)
s.t. XeM<,NH

Challenges
e Inherent non-smoothness of MST [Olikier-Absil'’22 SVVA; Levin-Kileel-Boumal'23; '25 MP]

e Geometry of the coupled region M<, NH
- Complicated Bouligand-tangent cone

- Unknown second-order tangent set



Geometry: first-order analysis of determinantal varieties

Tangent and normal cones to M<,
e Mordukhovich normal cone [Luke 3]
e Bouligand tangent cone and Fréchet normal cone [cason-absil-van Dooren'13]
e Clarke tangent cone and Clarke normal cone [Hosseini-Uschmajew'19; Li-Song-Xiu19]
e Continuity of tangent cones [olikier-Absil22]
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Overview of our contributions

Tangent sets and optimization

P e e e T |
: Problem on intersection of sets :
1

! min f(X) s.t. Xe MNK :
l 4
oo Tttt TTTTTTTTTTTTTTTTTTTTTTTTT T TTTT \|
: |. Tangent sets to M II. Intersection rule for M N K 1
1 1
. . L N \
! Second-order : i Sufficient and necessary |
: optimality (SOC) b condition for “2=>2" :
fT T T TS m s s s \ pmmmm oo TmTmmmmmm
! 1 ! Parameterizations yield 1
! NP-hardness of 1 ! !
! . ! ! SOCon M., !
! verifying SOC ! : = !
i 3 . only at rank-r points :



A unified analysis of tangent sets

Set Format First-order Second-order

M Assumption 1 Theorem 1 Theorem 1
MST matrix [Schneider-Uschmajew'15 SIOPT]  Proposition 1
Mlgtr hierarchical Tucker Proposition 2 Proposition 2
/\/lt<°r Tucker [Gao-Peng-Yuan'25 MP] Proposition 2
M tensor train [Kutschan'18 LAA] Proposition 2
S<(n) symmetric matrix [Li-Xiu-Zhou'20 JOTA] Proposition 3
S:,,(n) PSD matrix [Levin-Kileel-Boumal'25 MP] Proposition 4
Intersection of sets Structured set First-order Second-order

MNK Assumption 2 Theorem 2 Theorem 2
Mo, NH H is an affine manifold [Li-Luo'23 SIOPT] Appendix C.1
Mo, NH H is orthogonally invariant [Yang-Gao-Yuan'25] Appendix C.2
Mo, NH H is hyperbolic Appendix C.3 Appendix C.3
S<p(n)NU U={X|x)12=1} Appendix D.2 Appendix D.2
Sgr,(n) nu U={X|AX)=rb} [Levin-Kileel-Boumal'25 MP] Appendix D.3




Preliminaries

Bouligand tangent cone

Tx(X)={ne&:3t;—0,s.t. dist(X + tin, X) = o(t;)}

Fréchet and Mordukhovich normal cones

polar - lim

Tx(X) Nx(X) ——> Nx(X)

Second-order tangent set in the direction »

T%(X,n) = {g €& :3t;— 0, s.t. dist(X + tin + %t?{,){) = o(t%)}

Directional derivative in the direction
K (X;n) == lim WX+ tn) — h(X)

t—0 t
Parabolic second-order directional derivative in the direction (1, ¢)

X+ tn + 3£2¢) — h(X) — th'(X;n)

142
St

1 . R



First-order geometry of low-rank sets

M, asa smooth manifold based on the svo x = s v’

Rsxs Rsx(nfs)

TM@(X) = {[U Ui} R(m—s)xs O(m—s)x(n—s)

1% mT}

5% Osx(nfs)

N, (X) = {[U Ui] glm—s)xs  R(m—s)x(n—s)

[V VL]T}

Geometry of MST at X = UX V| € M, [Luke'13; Cason-Absil-Van Dooren’13; Schneider-Uschmajew’15]
Tae, (X) = Ta,(X) +{R € NxM, : rank (R) < r— s}
) Na(X), ifs=
o [0, =g
- {0}, ifs<r
N, (X) = {Y € Naq, (X) s rank(Y) < min{m, n} — r}

All the cone mappings are not continuous at singular points [olikier-absit22]



First- and second-order tangent sets



Motivation and challenge

First- and second-order tangent sets
Tx(X) = {77 c&: 3t —~ 0, s.t. diSt(X+ tin, X) = 0(1‘1)}

T%(X,n) = {g €& : 3t — 0, s.t. dist(X + tin + %t?(,)() = o(t?)}

Approximations to the set X = {(z,y) € R? | y = 2* + %}

Second-order approximation

First-order approximation

Challenge when X = M<, = {X € R™*" | rank(X) < r}

e The geometry of M<, is complicated [olikier-Absil22]
e The mapping rank(-) is not continuous



Characterize low-rank sets via singular value functions

A new perspective
Mz, = {X € R™" | g,41(X) = 0}

® 0,41 is both non-differentiable and non-convex
© 0,41 IS Lipschitz continuous [weyl 1912]

o1 (X) — orp1 (X + A)| < [JA]],
©® o1 controls the distance to M<,

dist(X, M<,) < (min{m, n} — )"0, 1(X)

Error bound condition at x

Let M == {X € R?| ¢1(X) = 0, c2(X) < 0}. There exists a neighborhood
B of X € M and a constant p > 0 such that

dist(X, M) < pll(c1(X), [c2(X)]4)]|2, forall X e B




Bridge directional derivatives and tangent sets

Theorem
Let M ={X e R?| e1(X) =0, c2(X) < 0} with ¢; and ¢, satisfying
e error bound condition

e local Lipschitz property
Define the active index set In(X) := {j € {1,...,n2} | c2(X); = 0}
(i) (First-order) If ¢; and ¢ are directionally differentiable at X, then
Tm(X) = {n€R| & (X;in) =0, &5(X;m); <0 forallje Io(X)}

(ii) (Second-order) If, in addition, ¢; and ¢z admit parabolic second-order
directional derivatives at X, then for any n € T (X)

Tha(X5m) = {¢ € R ¢/ (Xin, ) =0, &§(X;n,Q); < 0 forallje h(Xin)}

where I (X;n) := {j € Ip(X) | c5(X;n); = 0}



Application to low-rank matrices and tensors

Low-rank matrices

M ={XeR™" | 0741(X) = 0}

o [V =P, (Ve = /™ 02 < (min{m, n} — )20,

o Tr (X) ={n€R™" |07, (X;in) =0}



Application to low-rank matrices and tensors

Low-rank matrices

M ={XeR™" | 0741(X) = 0}

o [V =P, (Ve = /™ 02 < (min{m, n} — )20,

o Tr (X) ={n€R™" |07, (X;in) =0}

Low-rank tensors hierarchical Tucker, Tucker, and tensor train

M, = (tenth (RZ)") = {X e RV | 0, (X5) = 0 for t€ T}

teT

o |IY - PgrOSVD(Y)HF < pl\/ ZteTa'rZ'f,Jrl(Y}(l;))

o Ty (X) = e ptent) (Tni(X?f))) with R, := RY, "~



Application to symmetric matrices

Low-rank symmetric matrices

S<,(n) = {X € Sym(n) | rank(X) < r}



Application to symmetric matrices

Low-rank symmetric matrices
S<,(n) = {X € Sym(n) |rank(X) <r} =, ? .

e A decomposition
r+1
S<r(n) = S5, with S := {X € Sym(n) | M(X) =0, Ajpn—r1(X) = 0}
j=1

e Verify the error bound condition of (Aj, Ajtn—r—1)

* Derivation of tangent sets T 41 5 (X) = U Ts,(X)



Application to symmetric matrices

Low-rank symmetric matrices

S<.(n) = {X € Sym(n) | rank(X) < r} = &5

L—

e A decomposition
r+1
S<,(n) = U S;, with §5:= {X € Sym(n) | A\j(X) =0, Ajgn—r—1(X) =0}

=1

e Verify the error bound condition of (Aj, Ajtn—r—1)

e Derivation of tangent sets Ty 50 = U Ts,(X)

Low-rank PSD matrices

SZ.(n) = {X € Sym(n) | Ar41(X) = 0, A(X) = 0}



Application to symmetric matrices

Low-rank symmetric matrices
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Directional derivatives of singular values

Necessary notation (zhang-zhang-xiao'13 svwal
e the SVD X = U[Z(X) 0] V" with 01 (X) > (X)) > -+ > om(X)

a={i:0i(X)>0,1<i<m}, B={i:0:(X)=0,1<i<m}
Bo={m+1,...,n}

e the distinct singular values p1 > p2 > ... > pup > ppr1 =0

ap=Hi:0i(X)=pr, 1 <i<m}, k=1,...,p, andfj\:ﬁuﬁ()

f=a Bo
A A A
— Y — Y
aq g at
L | | | J
| / ’ " !
k k t+1 t+1
/'31 BNk /31 ﬁN,+1+l
L | | ] L | | ]
Q. ﬂ




Directional derivatives of singular values (cont’'d)

Four mappings
Go:{L,...,mp = {1,...,p+1},qu()) =k ifi € oy
AL, ,my = NJU(0) =i — K1
a:{l,...,m} =N, q) = e if (i) € g2
l’:{l,...,m}%N,[’() I(i) — 4o (3a(D)

Ray(y—1

pmmm—= N 1 A ! ‘

[ g 1 |

4\41; it i€ ap J—)i ol = )\,( i) (Togay, + r]w”) :—>: ol = A (i) (Qﬂ); . Vk(n C)Q},J; (7)> 1
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Compute second-order tangent set

Important geometry of M<,
e consider X = U[X 0]VTe M with U= [U U, ]and V= [V V]
o 1 € Ty, (X)ifand only if
n=UAV +U.BV' +UCV] + U RV]

where rank(R) = ¢ —s<r—s

Index mappings associated with 0,11 (X) =0
er+l1ef gr+)=p+1LU(r+1)=r+1-s
® ily5=UlnVi = Rand rank(R) = £ — s = qy(r+ 1) = Ny1 + 1
e (r+1)=(+1~-s
ol = Ay (sym(Q ﬁﬁpﬂ Vo1 (n, C)Qgﬁw(l))) w

|
,,,,,,,,,,,,,, ‘ w‘\ a0 w® |

_____ ~— ’
’Ib(/) = i — a'l'(w)(Q

20



Second-order tangent set to M,

Theorem

Given X € M<, and n € T, (X) with rank (X) = s and the SVD
X=UZV'. Let Py, x(n) = UyZ, Vs, with rank(2,) = £ — s. Take
[UU, U] € O(m)and [V V, V,.] € O(n). It holds that

W1 c R[X[
Wo € Rlx(nff)
Wy W
1 2:| [V+ VnL]T Wy € R(m—é)x(f
Ws J Je R(m—ﬂ)x(n—é)

rank(J) <r— ¢

Thi., (X5m) = 20X + [UF Uy ]

where Ut = [U U], VT = [V V)]

21



A unified analysis of tangent sets to low-rank sets

Set Format First-order Second-order
M general Theorem 1 Theorem 1
M, matrix [Schneider-Uschmajew'15 SIOPT] Proposition 1
Mgtr hierarchical Tucker Proposition 2 Proposition 2
Mt}r Tucker [Gao-Peng-Yuan'25 MP] Proposition 2
/\/li“r tensor train [Kutschan'18 LAA] Proposition 2

S<,En) symmetric matrix [Li-Xiu-Zhou'20 JOTA] Proposition 3
SiT(n) PSD matrix [Levin-Kileel-Boumal'25 MP] Proposition 4

22



A unified analysis of tangent sets to low-rank sets
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Intersection of sets

Theorem
e M={X€eR?| ¢(X)=0}with ¢: R? - R™
e K={XecR?| h(X) =0} with smooth h: R? — R*

23



Intersection of sets

Theorem
e M={X€eR?| ¢(X)=0}with ¢: R? - R™
e K={XecR?| h(X) =0} with smooth h: R? — R*
e Suppose that (M, K) satisfy

(transversal) M NK C R?

(open) ¢ l ho ¢ (rank-constant)

MNKCR! ——— > RF

23



Intersection of sets

Theorem
e M={XeR?|¢X)=0}with c: R? = R™
e K={XecR?| h(X) =0} with smooth h: R? — R*
e Suppose that (M, K) satisfy

(transversal) M NK C R?

(open) ¢ l ho ¢ (rank-constant)
MAKCR!I — Sk

We have the following intersection rules for the tangent sets
T (X) = Tam(X) N Tre(X)

Tk (X5 ) = TR (X;n) N TR (X5 n)

23



Low-rank matrix sets M<, NH
H = Aff(m,n) = {X € R™*" | A(X) — b= 0} [Li-Luo23 SI0PT]

o H=Sp(m,n)={XeR™"| HXH% — 1 = 0} [cason-Absil-van Dooren13 LAA]
e 1 =0b(m,n) ={XeR™"| diag(XXT) — 1 = 0} [vang-Gao-Yuan'2s]
o H=H",={XecR™"|diag(XDiag(—1,1,...,1)X") +1=0} ©@new

A smooth parameterization
(Mig, ¢rr) = (R™" x R™ (L, R) ~— LR")
® My coincides with the ambient space
© ¢Lr Is open around “balanced” (L, R)

* It remains to prove H = ¢; 5 (H) is manifold

(transversal) Mur NH

ho ¢ (rank-constant)

(open) ¢rr l

MgrmH—>Rk 24
h
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Tangent sets bridge optimization
landscapes




Second-order optimality conditions

Second-order stationarity [Ruszczynski'os]

min f(X)
—VAX*) € Na(X7) e

(V (X*),¢) + (n, V*f(X*)[n]) > 0, for every n € Ta(X) such that
(VAX*),n) = 0andall ¢ € TR((X*;n)

Smooth parameterization finds first-order stationary points [Levin-Kileel-Boumal'25 MP]

MCWwW _
. ] min J(¥) = f(o(Y))
l f=fos
Jaip A0
MCE R
f
i When does a parameterization satisfy “2=-2"? i

26



A sufficient and necessary condition for “2=-2"

Mappings connecting the geometry

Ly: Tx(Y) = £: v Doyld], for Ye M
Qv,o: T2(YV;0) = &1 up = Doylu] + D¢yl 0], for Y€ Mand ve Txi(Y)

Two important sets

Qy(v) == U lim (Qy,s,(u,) +im(Ly)), for v e Tg( )

12— 00
{vitien: Ly(v;) =Ly (v)

Iy:= {PNM<¢(Y)) (quﬁy[H(vo,vl)] +D2¢y[vo7v1}> | v € ker(Ly), v € Tﬂ(y)}

Theorem
The parameterization (M, ¢) satisfies “2=-2" at Y € M if and only if
im(Ly) = Tm(X) where X = ¢(Y), and for all v € Tx(Y)

T3 (X; Ly(v)) C conv (Qy(v) + Qv(0) + I'y)
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Second-order optimality on
bounded-rank matrices




Second-order stationarity on low-rank optimization

Proposition
min  f(X)
XeRan
s.t. Xe M,

The point X* € M<, with rank(X") = sis second-order stationary if

Va, (X)) =0 and Vi, fX*) =0, ifs=r
VAX*)=0 and (n, V*f(X*)[n]) > 0foralln € Tm_, (X*), ifs<r
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Complexity of verifying second-order conditions (SOC)

Find a negative curvature direction at x with rank(x) < s

min  (n, A(n))

neERMXn

st nlle =1 Q)
ne TMgr(X)

Problem: VERSOC
Input: Parameters m, n, r; point X € M«,; symmetric operator A
Question: Does the optimal value of (Q) A* < 0?
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Complexity of verifying second-order conditions (SOC)

Find a negative curvature direction at x with rank(x) < s

min  (n, A(n))

neERMXn

st nlle =1 Q)
ne TMgr(X)

Problem: VERSOC
Input: Parameters m, n, r; point X € M«,; symmetric operator A
Question: Does the optimal value of (Q) A* < 0?

An NP-complete problem [karp72]

Problem: CLIQUE
Input: Undirected graph G = (V, E); clique size K
Question: Does there exist a clique of size Kin G?
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NP-hardness of verifying SOC

Theorem (NP-hardness)

The problem CLIQUE is polynomially reducible to VERSOC, and thus verifying
second-order optimality conditions is NP-hard
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NP-hardness of verifying SOC

Theorem (NP-hardness)

The problem CLIQUE is polynomially reducible to VERSOC, and thus verifying
second-order optimality conditions is NP-hard

Theorem (No FPTAS)

Unless P=NP, there is no fully polynomial-time approximation scheme for
verifying whether a point is second-order stationary for optimization
problems over bounded-rank matrices
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A glimpse: optimization over the intersection of manifolds

Problem formulation

________________________

Theory
Intrinsic transversality is equivalent to clean intersection

Tram(X) = Tr(X) N Tam(X)

Geometric method

31




Conclusion

Take-home message

* Unified analysis for tangent sets

* Second-order optimality conditions

* NP-hardness of achieving second-order stationarity

* Bridges between optimization landscapes based on tangent sets

Perspective

© Efficient algorithm exploiting the geometry [vang-Gao-yuan'26]
Tram(X) = Tu(X) N Tam(X)

@ Second-order development beneficial from the property

Thom(Xin) = T3(Xm) N TR (X;n)
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